On the uniform distribution modulo one of some subsequences of polynomial sequences  by Coquet, Jean
JOURNAL OF NUMBER THEORY 10, 291-296 (1978) 
On The Uniform Distribution Modulo One of Some Subsequences 
of Polynomial Sequences 
JEAN COQUET 
Dkpartement de Matht!matique. Centre Universitaire de Valenciennes 59326 
Aulnoy-Les-Valenciennes, France 
Communicated by H. Zassenhaus 
Received June 12, 1977; revised December 15, 1977 
Let P be a polynomial. We find a necessary and sufficient condition for some 
subsequences of (P(n)) to be uniformly distributed modulo one. These sub- 
sequences are defined by properties of the q-adic expansion of n. 
1. INTRODUCTION 
1.1. Distribution Module One of (P(n)),,N 
Any real polynomial P such that P - P(0) has one irrational coefficient at 
least will be called an irrational polynomial. 
It is well known that the sequence (P(n)),,wl is uniformly distributed 
modulo one if and only if P is an irrational polynomial: Weyl and Van der 
Corput obtained this result by different methods [8, lo]. 
Improving Vinogradov’s results [9], Rhin established [7] that this con- 
dition is necessary and sufficient for the sequence (P( P,J)~~~* to be uniformly 
distributed modulo one, ( pa)nsN* being the increasing sequence of prime 
numbers. 
Our purpose is to prove a similar result concerning some subsequences of 
1.2. Notations 
(1) For every real number x, we set II x /I = minnoz j x - n 1 and 
e(x) = e2inx. 
Let 4 be an integer 32. Every natural number n can be written in the form: 
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where, 
VrEN, e,(n) E {O,..., q - l}. 
The unicity of this q-adic expansion of n is evident. Let d C {O,..., q - l} and 
6 = #d. .9(q; d) will denote the set {n E N/Vr E N, e,.(n) E A}. 
We remark that, if 0 E d, 6 > 2 and 6 < q, 9(q; d) is infinite and has an 
asymptotic density which is equal to 0. 
1.3. Result 
THEOREM. We assume that 0 E A, 6 > 2 and 6 < q. The sequence 
(P(n))neO(a;d) is uniformly distributed module one ifand only ifP is an irrational 
polynomial. 
1.4. Definitions 
(1) Let g: N + C be a sequence. For every (II E R, we define the function 
h,: N + @ by h,(n) = g(n) e(w). 
The spectrum of g is the set: 
Sp(g) = 
(2) g is said to be pseudo-random (in the sense of Bertrandias) if both 
following conditions are satisfied: 
(a) Vt E N, y(t) = .liym $ y  g(n + t) s(n) exists. 
?I=0 
(y is called the correlation of g.) 
(b) ,lih& $ Nfl I y(t)l” = 0 (see [l]), 
t=o 
An interesting property of pseudo-random functions is that their spectrum 
is empty so that they have a zero mean value on every arithmetic progression. 
(3) Let n = C,‘=“, e,(n) q’ be the q-adic expansion of n as in 1.2. 
Let g: N -+ Q= a sequence, g is said to be q-multiplicative if g(0) = 1 and 
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Let f: N -+ @ a sequence. f is said to be q-additive iff(0) = 0 and 
(see 15, 61). 
1.5. First Remark 
Let (PZ&~ denote the increasing sequence 9(q; A) and let k = C:=“, b,(k) 67 
be the 6-adic expansion of k (where Vr E IV, b,(k) E {O,..., 6 - 1)). 
If d(0) = 0 < d(1) < ... < d(6 - 1) denote the elements of A, we have 
so that the function 4: N -+ 9(q; A) defined by 4(k) = nk is a-additive. 
2. THE IDEAS OF THE PROOF 
2. I. Necessary Condition 
If P is not an irrational polynomial, it is clear that the set of values of 
(P(n)),,9(,:,j is finite! 
2.2. Suficient Condition 
From the Weyl criterion, we have to show that, if P is an irrational 
polynomial, the function g defined by 
has a zero mean value on N. 
In fact, our proof requires the following stronger result: g has a zero mean 
value on every arithmetic progression. 
Let I E N*. We set: 
EL = {P(x) = iyc + .-* + q#/max(i/q q? Cl) = I>. 
The induction hypothesis XL will be: If P E El, g has a zero mean value on 
every arithmetic progression. 
In Section 3 we prove that X1 is true, and in Section 4, we prove that, for 
every positive integer I, Xl ti XZ+, . 
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3. PROOF OF #I 
3. I. Remark 
We can assume that 01~ = 0 so that P(x) = LXX + l/s C&, &xi, where 
a$Q,sEN*, and ti E Z for every i 3 2. 
Therefore, if IZ F n, mod s, 
P(n) - co2 = P(nO) - wzO modulo one. 
So, we note that, if d(k) = no mods, 
Thus, g(k) is a linear combination of functions: 
k - e((a + 44 4(k)), where z E {O,..., s - l}. 
More precisely, 
And we only need to prove that, if p q! Q, the function: 
has a zero mean value on every arithmetic progression. 
Although it is not necessary (see [5]), we show that this function is pseudo- 
random to make the proof shorter. We use Remark 1.5. and the following 
lemma: 
3.2. Lemma ([4]) 
LEMMA 1. Let f be a real-valued a-additive function. If CTzo x8=, 
IIf@>‘- af(WI12 = + CO, the function e(f) is pseudo-random in the sense 
of Bertrand&. 
3.3. End of the Proof of .% 
If /3 6 Q, & - 8) d(1) $ Q so that we do not have: 
II ,Nq - 6) d(l) @/I --t 0 as r-++co. 
Thus CT: II P(q - 8) d(l) qr /I2 = + 03 and, from Lemma 1 applied to the 
function f = /3d (Remark 1.5), the function e(/?+) is pseudo-random. 
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4. PROOF OF Hl * %'L+l 
4.1. Lemma 
The proof requires the following lemma [4] which is a straightforward 
generalization of a lemma concerning the 6-adic sum of digits, proved by 
Btsineau [2]. 
LEMMA 2. Let f be a real-valued S-additive function and t E N *. There is a 
partition 9 = {9m}moN * of N where each 9m is an arithmetic progression and 
there is a sequence (&,JrnEN* such that: 
VmEN*, VkEYm, f(k + t) - f(k) = &,a. 
4.2. The Induction 
Let P E EC+, , I E N *. We show that g is pseudo-random. The correlation y 
of g, if it exists, is defined by: 
We apply Lemma 2 to the function (b (see Remark 1.5). Let t E N * and 
k E P,,, . We note that: 
A, = 4(k + t) - d(k) is #0 because 4 is strictly increasing. 
Thus P(4(k + t)) - P($(k)) = P;(+(k)) where-F’: E El . 
From induction hypothesis ~‘8’~) g(k + t) g(k) has a zero mean value on 
every arithmetic progression @m . 
Choose E E IO, l[. There is p E N * such that: Urncrr Pm has an asymptotic 
density which is 21 - E. Thus 
i& 1 $k + t)g(k) 1 G c. 
Finally, y exists and y(t) = 0 for every t E N *, g is pseudo-random. 
5. REMARK 
The following generalization is possible: for every r E N, let d, C 
{O,..., q - l} such that: 
(1) OEA, 
(2) #A 3 2. 
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We set 9(q; (A,)) = {n E N/b+ E N, e,(n) E A,}. 
The result we proved for 9(q; d) is true for !3(q; (A,.)). 
The proof, similar to that of our theorem, is based on the notion of Y- 
additive function which generalizes the notion of q-additive function [3]. 
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